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Abstract
Let l,m,n be integers such that 0  l  n and 0 < m  n. We show that there is a first countable, separable, ω1-compact,
countably paracompact and normal space Xl,m,n with indXl,m,n = l, dimXl,m,n = m and IndXl,m,n = n and point out some
interesting questions concerning the gap between the dimensions of paracompact spaces.
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1. Introduction
For a normal space X, dimX  IndX, indX  IndX and dimX = 0 implies IndX = 0. Besides these, no other
relations exist between ind, Ind and dim in the class of normal spaces. For any given integers l, m, n such that
0 l, m n and m > 0, in [2] we constructed a separable normal space X with indX = l, dimX = m and IndX = n.
In the present paper, we refine our argument to show that X can be made additionally first countable, ω1-compact,
and countably paracompact. Note that an ω1-compact normal space is collection-wise normal. Note also that a meta-
compact separable space is Lindelöf and on Lindelöf spaces dim ind. Consequently, the spaces we construct in this
paper are not paracompact. Paracompact spaces constitute a very important class of spaces that contains both compact
and metrizable spaces. It seems therefore natural to ask:
Question 1. Does there exist a paracompact space X with indX = l, dimX = m and IndX = n for any given triple of
integers l, m, n with 0 l, m n and m > 0?
We return to Question 1 in the final section, where we point out two interesting subquestions.
In this paper, the natural numbers, the closed interval [0,1] and the Cantor set, all with their usual topology, are
denoted by N and I, C, respectively. The cardinality of the continuum is denoted by c and the first ordinal of cardinality
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function Ind0 is defined on normal spaces and differs from Ind in that partitions are required to be zero-sets. Thus,
Ind0 X = −1 iff X = ∅, and for X = ∅, Ind0 X is the smallest non-negative integer n for which between any pair of
disjoint closed sets A and B of X, there is a zero partition L with Ind0 L n − 1, if such an integer exists. If no such
integer exists, we set Ind0 X = ∞. The most important property of Ind0 is the countable sum theorem: If a normal
space X is the countable union of zero subsets with Ind0  n, then Ind0 X  n. Further properties of Ind0 may be
found in [3].
Our notation and terminology agree with those of Engelking’s books [5,6], where the reader is referred to for all
topological facts quoted in this paper without proof.
2. The dimensions of countably paracompact normal spaces
Lemma 1. For a T1-space X the following are equivalent.
1. X is countably paracompact and normal.
2. Every countable open cover of X has a co-zero shrinking.
3. Whenever
⋂
i∈NFi = ∅, where each Fi is a closed in X, there are zero sets Zi of X with Fi ⊂ Zi and
⋂
i∈NZi = ∅.
4. Every countable open cover of X has a co-zero refinement.
Proof. By Theorem 5.2.3 of [5], an open cover {Ui : i ∈ N} of a countably paracompact and normal space X has an
open refinement {Vi : i ∈ N} with Vi ⊂ Ui , and, by normality of X, there is a co-zero set Gi with Vi ⊂ Gi ⊂ Ui . Then
{Gi : i ∈ N} is a co-zero shrinking of {Ui : i ∈ N}. Thus, (1) ⇒ (2). Evidently, (2) and (3) are equivalent and each
implies (4). That (4) ⇒ (1) may readily be deduced from the fact that in any space a countable co-zero cover is the
inverse image of an open cover of a metric separable space under a continuous function. 
Let D be the subspace C × I of the Euclidean plane R2, d the usual metric on D, and fix a countable dense set Q
of D. B(x, r) denotes the open ball with centre x and radius r . Let {(Sα,1, Sα,2, . . .): α < ω(c)} denote the set of all
sequences (S1, S2, . . .) such that each Si is a countable subset of D and |⋂i∈N Si | = c. It is useful to remember that
uncountable closed sets of D have cardinality c. Let 	 be a well ordering on D of the same type as ω(c) and such that
x 	 y for x ∈ Q and y /∈ Q. For each α < ω(c), choose by transfinite induction a point xα in
⋂
i∈N
Sα,i
∖({
x: x = y or x 	 y for some y ∈
⋃
i∈N
Sα,i
}
∪ {xβ : β < α}
)
and a sequence {xα,n} of ⋃i∈N Sα,i containing infinitely many points from each Sα,i and satisfying d(xα, xα,n+1) <
d(xα, xα,n) <
1
n
. Fix for each n ∈ N an open ball Bα,n with centre xα,n and radius < d(xα, xα,n) and such that
Bα,m ∩ Bα,n = ∅ for m = n. Let A = {xα: α < ω(c)}.
For each x ∈ D and n ∈ N, we define a countable compact set K(x,n) which contains x and at least one point of
Q and satisfies
1. K(x,n + 1) ⊂ K(x,n) ⊂ B(x, 1
n
) and
2. if y ∈ K(x,n), then y = x or y 	 x and K(y,m) ⊂ K(x,n) for some m ∈ N.
For x ∈ Q, we set K(x,n) = {x} and, for x /∈ A ∪ Q, we let K(x,n) consist of x together with the members of
a fixed sequence of points of Q converging to x that lie inside B(x, 1
n
). Assuming K(x,n) has been defined for
x 	 xα , we set K(xα,n) = {xα} ∪⋃mn Kα,m, where Kα,m is the first member of {K(xα,m, k): k ∈ N} that lies inside
Bα,m ∩ B(xα, 1m). It is important to observe that xα /∈ Kα,n and Kα,m ∩ Kα,n = ∅ for m = n.
Let τ denote the topology on D generated by all sets of the form K(x,n), x ∈ D,n ∈ N. D∗ will denote D with
topology τ . Evidently, τ is finer than the usual topology of D and {K(x,n): n ∈ N} is a local base at x consisting of
clopen sets of D∗, which is therefore first countable, separable, zero-dimensional and, in fact, locally countable.
In the sequel, if B is a subset of D, B will denote its Euclidean closure.
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we use a variant of Fedorcˇuk’s method of resolution [7].
Theorem 1. Let X be a non-empty first countable, separable, ω1-compact, countably paracompact and normal space
with IndX = Ind0 X. Then there is a first countable, separable, ω1-compact, countably paracompact and normal
space Y = Y(X) with indY = indX, dimY = max{1,dimX} and IndY = Ind0 Y = IndX + 1.
Proof. Let 0 be a point of X, set Y = D × {0} ∪ A × X and let π :Y → D denote the first coordinate projection. Fix
a countable dense subset P of X, and for each α < ω(c) let fα : {xα,n: n ∈ N} → P be a function such that f −1α (p)
contains infinitely many points from each Sα,i for each p ∈ P . For each open set V of X, each α < ω(c) and each
n ∈ N, define
O(α,n,V ) =
(
{xα} × V ∪
(⋃{
Kα,m: m n, fα(xα,m) ∈ V
})× X)∩ Y.
One readily verifies that for m  n, O(α,m,V1) ∩ O(α,n,V2) = O(α,n,V1 ∩ V2). We let Y have the topology
generated by all sets O(α,n,V ) together with all sets of the form π−1(U), U ∈ τ . It is trivial that Y is Hausdorff, first
countable, separable, the boundary of O(α,n,V ) is {xα} × bd(V ) and indY = indX.
The crucial property of Y is the following.
(∗) Let {Fi : i ∈ N} be a collection of closed sets of Y .
1. If the closed set
⋂
i∈N π(Fi) of D is uncountable, then
⋂
i∈NFi contains {xα} × X for some α < ω(c).
2. If
⋂
i∈NFi = ∅, then the zero set
⋂
i∈N π(Fi) is contained in a countable co-zero set, and hence in a countable
clopen set, of the locally countable, zero-dimensional space D∗.
The theorem will follow from a sequence of lemmas and the fact that Ind Ind0.
Lemma 2. Y is ω1-compact.
Proof. Let B be an uncountable subset of Y . If π(B) is countable, then, for some α < ω(c), B ∩ ({xα} × X) is
uncountable and therefore it has a limit point. If π(B) is uncountable, by (∗), the closure of B contains {xα} × X for
some α < ω(c). 
Lemma 3. If V is a co-zero set of X, then each O(α,n,V ) is a co-zero set of Y .
Proof. O(α,n,X) is clopen in Y , and the result follows from the fact that the function σ :O(α,n,X) → X that sends
(xα, x) to x and π−1(Kα,m) to fα(xα,m), m n, is continuous. 
Lemma 4. For every countable set Z of D, π−1(Z) is countably paracompact and normal, dim(π−1(Z))  dimX
and Ind0(π−1(Z)) Ind0 X.
Proof. Given an open set G of Y and an α < ω(c), setting Vn =⋃{V : O(α,n,V ) ⊂ G}, we see that
G ∩ ({xα} × X)⊂ ⋃
n∈N
O(α,n,Vn) ⊂ G.
Thus, for any countable open collection G of Y that covers {xα} × X, there is an open cover {Vm,n: m,n ∈ N} of X
such that each O(α,n,Vm,n) is contained in some member of G. Since X is countably paracompact and normal, by
Lemma 1, we can assume that each Vm,n is co-zero in X. Then, by Lemma 3, each O(α,n,Vm,n) is co-zero in Y .
It follows that a countable open cover of π−1(Z) has a countable co-zero refinement and, by Lemma 1, π−1(Z) is
countably paracompact and normal. The rest follows from the countable sum theorems for dim and Ind0 and the fact
that every singleton of D∗ is a zero set. 
Lemma 5. Y is countably paracompact and normal.
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⋂
i∈NFi = ∅. By (∗),
⋂
i∈N π(Fi) is contained in a countable clopen
set Z of D∗. As D \ Z and, by Lemma 4, π−1(Z) are countably paracompact and normal, there are, by Lemma 1,
zero sets Ai of D \ Z and zero sets Bi of π−1(Z) such that π(Fi) \ Z ⊂ Ai , Fi ∩ π−1(Z) ⊂ Bi , ⋂i∈NAi = ∅ and⋂
i∈NBi = ∅. Then Ei = π−1(Ai)∪Bi is a zero set of Y containing Fi and
⋂
i∈NEi = ∅. By Lemma 1, Y is countably
paracompact and normal. 
The next two lemmas follow from the arguments employed in proving the corresponding results in [2]. We supply
the short proofs for the convenience of the reader.
Lemma 6. IndY  IndX + 1.
Proof. Let E0 = π−1(C×[0, 13 ]) and F0 = π−1(C×[ 23 ,1]). Suppose E,F are closed sets of Y such that Y = E∪F ,
E0 ⊂ Y \ E and F0 ⊂ Y \ F . Then π(E) ∩ π(F) is a partition in D between C × {0} and C × {1} and is therefore
uncountable. By (∗), E ∩ F contains a copy of X. Hence IndY  IndX + 1. 
Lemma 7. dimY = max{1,dimX}.
Proof. Let n = max{1,dimX}. In view of Lemma 6, it suffices to show that dimY  n. Let (Ei,Fi), i = 1,2,
. . . , n + 1, be n + 1 pairs of disjoint closed sets of Y . By (∗), ⋃1in+1(π(Ei) ∩ π(Fi)) is contained in a countable
clopen set Z of D∗. By Lemma 4, dimπ−1(Z) n and, of course, dim(D \ Z) 1 n. Hence there are partitions
Li between π(Ei) \ Z and π(Ei) \ Z in D \ Z and partitions Mi between π−1(Z) ∩ Ei and π−1(Z) ∩ Fi in π−1(Z)
such that
⋂
1in+1 Li = ∅ and
⋂
1in+1 Mi = ∅. Evidently, π−1(Li) ∪ Mi is a partition between Ei and Fi with⋂
1in+1(π−1(Li) ∪ Mi) = ∅. Hence dimY  n. 
The following lemma completes the proof of Theorem 1.
Lemma 8. Ind0 Y  IndX + 1.
Proof. Consider a non-empty closed subset B of D∗ and disjoint closed sets E, F of π−1(B). By (∗), there are a
countable clopen set Z of D∗ that contains π(E)∩π(F), a zero partition L between B ∩π(E) \Z and B ∩π(F) \Z
in B \Z with IndL < IndB and, by Lemma 4, a zero partition M between π−1(B ∩ Z) ∩E and π−1(B ∩ Z)∩ F in
π−1(B ∩ Z) with Ind0 M < Ind0 X. Then clearly π−1(L) ∪ M is a zero partition in π−1(B) between E and F with
Ind0  max{Ind0(π−1(L)), Ind0 M}. Hence Ind0(π−1(B))  max{Ind0(π−1(L)) + 1, Ind0 X}. Thus, if IndB  0,
L = ∅ and Ind0(π−1(B))  Ind0 X. Finally, if B = D, Y = π−1(B), IndL  0, Ind0(π−1(L))  Ind0 X and hence
Ind0 Y  Ind0 X + 1 = IndX + 1. 
Now to prove the existence of the spaces of the abstract using Theorem 1, we let X0,1,1 = Y(point) and, inductively,
X0,1,n = Y(X0,1,n−1).
For m > 1, we let X0,m,m be any zero-dimensional, first countable, separable, ω1-compact, countably paracompact
and normal space with dim = Ind = m (see e.g. [1]); we also let Xm,1,m be any compact, first countable and separable
space with dim = 1 and ind = Ind = m (see e.g. [2]).
For 1 < m n, we let X0,m,n = X0,m,m ⊕ X0,1,n.
For 1 l m n, we let Xl,m,n = Il ⊕ X0,m,n.
Finally, for 1m < l  n, we let Xl,m,n = Xl,1,l ⊕ X0,m,n.
3. The dimensions of paracompact spaces
We are grateful to the referee for bringing to our attention I.K. Lifanov’s paper [10], where a paracompact space X is
constructed with indX = 0, dimX = 1 and IndX = n for any given natural number n. Using this Lifanov constructs
(1) a paracompact space Y with indY = l, dimY = m and IndY = n for any given triple of integers l, m, n with
0 < m l  n, and (2) a normal space Z with indZ = l, dimZ = m and IndZ = n for any given triple of integers l,
m, n with 0 < m n and l  n.
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IndX = n, for any given natural number n. As is well-known, there are zero-dimensional metrizable spaces with
covering dimension 1 [14,8]. Moreover, under set-theoretical assumptions beyond ZFC, there are zero-dimensional
metrizable spaces with covering dimension a given positive integer [11,12,9]. Under these assumptions, therefore, the
answer to Question 1 is affirmative.
Question 2. Does there exist in ZFC a zero-dimensional paracompact space X with dimX = n for any given integer
n > 1?
Let us note that there are zero-dimensional, perfectly normal, collectionwise normal and locally second countable
spaces with dim a given positive integer [13]. However, these spaces have local covering dimension zero and are
therefore not paracompact. Also, there are zero-dimensional, first countable, separable, normal, ω1-compact, locally
countable spaces with dim a given positive integer (see e.g. [1]). Because metacompact separable spaces are Lindelöf,
such spaces are not paracompact.
An affirmative answer to Question 2 implies an affirmative answer to the following question.
Question 3. Does there exist in ZFC a paracompact space X with indX = 1 and dimX = n for any given integer
n > 2?
If M is a zero-dimensional metrizable space with dimM = 1, then ind(M × In) = n while, by a result of Morita,
dim(M × In) = dimM + dim In = n + 1. Apparently, however, no paracompact space is known in ZFC with, for
example, ind = 1 and dim = 3.
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